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I. Introduction
S PACECRAFT reaction control (RC) thrusters provide a meansfor attitude control as well as orbital maneuvering. When
compared to other actuators, offering a nearly continuous range of
control inputs across their operating envelope (e.g., reaction wheels,
control moment gyroscopes), RC thrusters take on only two discrete
states: on or off. To use the RC thrusters, the often continuous control
signal has to be modulated.
One of the simplest thruster control methods is the Schmitt trigger,
which is commonly described as a relay with hysteresis and a
deadband [1]. This control technique, which is not technically a pulse
modulator, defines its minimum pulse-width as a function of the
changing spacecraft’s inertia [1]. The pulse-width pulse-frequency
modulator (PWPFM) and derived-rate modulator extend the Schmitt
trigger with the addition of a first-order lag filter in either the
feedforward or feedback paths, respectively. Another alternative is
the pulse-width modulator (PWM), resembling a PWPFM in behavior
but much simpler in its construction. The static characteristics of the
PWM, PWPFM, and derived-rate modulator are independent of the
spacecraft inertia [1], which is an advantage over the Schmitt trigger.
The PWM, PWPFM, and derived-rate modulator have been widely
used for spacecraft thruster modulation [1–5].
Here, the use of the Sigma-Delta modulator (ΣΔM) is
investigated and proposed as an alternative modulation technique
for spacecraft thruster modulation. Originally applied as a code
modulation technique for a telemetering system by Inose et al. [6],
the ΣΔM has been employed in numerous applications, ranging
from analog-to-digital converters to high-quality audio playback
and high-resolution instrumentation [5–8]. However, to the authors’
best knowledge, it has not been used for spacecraft thruster
modulation. Ciarcià et al. briefly considered the use of a ΣΔM for
the translational control of a spacecraft; but, due to its estimated
control cost (in an ideal simulation environment), a different
actuation strategy was chosen for their application [9].
Compared to the preceding pulse-control modulators (PCMs), the
ΣΔM uses a coarse (typically 1-bit) quantizer in combination with
feedback to realize a “high-resolution conversion of a relatively low
bandwidth signal” [10]. Furthermore, this modulation technique
provides user-defined noise shaping as well as small-signal actuation
[7,8,10]. When compared to other PCMs, the ΣΔM is capable of
realizing smaller control signals over smaller sampling periods. The
ΣΔM can also be linearized through multiple methods, enabling the
application of traditional continuous-time design and analysis
techniques [5,8,10,11].
Given its unique features and apparent advantages over traditional
PCMs, the use of a a first-order ΣΔM as a thruster modulation
technique is examined in detail and experimentally compared to a
PWM. A PWM is chosen for the comparison for its simplicity and
wide adoption for spacecraft RC thruster control [1,12,13].
Linearized models of each modulator are presented first. Next,
these models, in combination with a simple proportional-derivative
(PD) control law, are used to develop candidate closed-loop models.
An experimental campaign is then performed using the Naval
Postgraduate School (NPS) POSEIDYN (which stands for proximity
operation of spacecraft: experimental hardware-in-the-loop dynamic
simulator) testbed, comparing the PWM and ΣΔM in a relevant
environment with hardware-derived noise and uncertainties [14].
Finally, the results from these experiments, and from various
numerical simulations, are analyzed to draw conclusions regarding
the applicability of the candidate models and of the ΣΔM’s merit as a
thruster modulation technique.
II. Analytical Model
The construction of a first-order ΣΔM and PWM and their
linearized models is presented in this section. These models are later
used to derive candidate models of an attitude control system with a
modulator in the loop (MITL). These functional descriptions can be
viewed from either a hardware (e.g., analog circuit) or digital
implementation (e.g., software) perspective, but emphasis is placed




The topology of a first-orderΣΔM, illustrated in Fig. 1a, takes the
form of a negative feedback loop. Along the feedforward path, a
lowpass filter (in this case, a single integrator) is in cascade with a 1
bit quantizer. The feedback path is composed of a 1-bit digital-to-
analog converter (DAC) [7,8,10]. Without loss of generality, the
input to the ΣΔM is a time-varying signal vt representing the
commanded thrust. The output of the modulator yt is a digital
pulse train. The output is converted back to an analog signal by the
1 bit DAC along the feedback path before being subtracted from the
input to produce the error signal et. In this application, the feedback
path can consist of either a model-driven thruster response or a sensor-
driven thruster response. The error signal is then integrated over the
sampling period TΣΔM to form the intermediate signal: wt 
∫ et dt. Lastly, wt is modulated by a 1-bit quantizer to form the
output signal yt. A pulse is triggered whenwt reaches or exceeds
the desired threshold α, which is lower bounded by the thruster
minimum impulse time [5,6,8] for this application.
2. Linear Model Development
To linearize the ΣΔM, a high modulator sampling frequency is
assumed. This assumption allows the zero-order hold (ZOH) to be
neglected, rendering the ΣΔM as a continuous-time device and
leaving the quantizer as the only nonlinear element. Multiple
approaches can be taken to linearize this modulator.
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One of these methods, commonly known as the additive white-
noise approximation, assumes that the quantizer error can be
described by an additive white noise source, as illustrated in
Fig. 1b [5,8]. This results in a two-input/one-output closed-loop





Another method used to linearize theΣΔM views themodulator as
a sliding-mode controllerwhere the quantizer is represented as a relay
[11]. Resultantly, the average output of themodulator is equivalent to
its input. However, because the output is a binary switched output, a




The PWM (for which the topology is illustrated in Fig. 1c) is an
open-loop modulator that generates a series of varying-width
pulses to modulate the input signal [15]. Similar to the ΣΔM, the
input to the PWM is a time-varying signal vt, which is sampled
by a ZOH with a frequency of fpwm  1∕Tpwm [15,16]. The input
signal is then normalized by Vmax (the maximum thruster force),
forming the desired pulse-width of ξt  vt∕Vmax. To realize
the pulse-width, a normalized repeating reference waveform rt,
with period Tr, is sampled at an integer n frequency greater than
the PWM frequency of fr  nfpwm [15]. The output of the PWM
yt is a digital pulse, for which the width corresponds to the
amount of time ξt ≥ rt.
Compared to the ΣΔM, which has only two discrete output states,
the number of discrete output levels of the PWM is controlled by the
(integer) ratio n  fr∕fpwm. This ratio determines the pulse-width
resolution, which establishes a lower bound on the associated
deadband [1]. The upper bound, which can be different from the
minimum pulse-width, is given by the minimum impulse bit of the
thruster.
Fig. 1 Comparison of the topology and linearized block diagram of a first-order ΣΔM and PWM.




Experiment duration 120 s
Number of trials 10
Reference angle θf 90 deg
Reference attitude rate 0 deg ∕s
Attitude controller sample rate 0.1 s
Proportional gain kp 0.10
Derivative gain kd 0.20
FSS parameters
Mass 9.946 kg
Estimated inertia 0.2526 kg ⋅m2
Estimated thruster force 0.117 N
Estimated total torque 0.0437 N ⋅m
Thruster solenoid response time 0.06 s
ΣΔM parameters
ΣΔM sampling period TΣΔM 0.1 s
ΣΔM quantizer threshold α 0.0117 N ⋅ s
PWM parameters
PWM minimum impulse time 0.06 s
PWM sampling period Tpwm 1.0 s
Pulse-width resolution Tr 0.01 s
Number of discrete output levels 100
Fig. 2 NPS POSEIDYN testbed consisting of a granite monolith, a FSS, and a motion-capture system.






























































2. Linear Model Development
The only nonlinearity present in the PWM is the comparison
operation to determine the pulsewidth. Because fr ≫ fpwm,
the reference signal ZOH can be neglected. However, because the
PWM frequency is much smaller than the reference signal frequency,
but is still larger than twice the largest frequency of concern in
the input signal, the PWM ZOH may not be neglected. Viewing
the comparison operation as a quantization process, the same
approximation can be made regarding the linearity of the
quantization error. Assuming the input vt is bounded similarly to
the ΣΔM, the comparison operation can be viewed as a quantization
process and the same approximation can be made regarding the
linearity of the quantization error. The resulting linearized PWM
model, illustrated in Fig. 1, becomes aZOHwith a sampling period of
Tpwm, for which the two-input and one-output transfer function is as
follows:
Ys  1 − e
−Tpwms
s
Vs  Ns (2)
Table 2 Comparisonof the 10-run averaged experimentalmetrics
(with 1σ error) between the ΣΔM and PWM
ΣΔM PWM
Thruster on time, s 24.20 0.47 21.13 1.13
Steady-state attitude error, deg 0.32 1.59 2.23 2.60
Steady-state attitude rate error, deg ∕s 0.00 0.73 0.01 0.36
Number of thruster actuations 100.50 34.85 49.17 17.99
a) ΣΔM: Attitude error response
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d) PWM: Control time history
e) ΣΔM: Phase plane response f) PWM: Phase plane response










































































































Fig. 3 Experimental results averaged over 10 runs comparing the response of the ΣΔM to the PWM.






























































C. Closed-Loop Spacecraft Attitude Control System with Modulator
in the Loop
The attitude dynamics of a spacecraft follow Euler’s equation:
τ  J _ω ω×Jω (3)
where τ is the control torque; J is the body-fixed inertia matrix about
the center of mass;ω is the angular velocity of the spacecraft; andω×
is the matricial representation of the cross product operator [1]. For
small angular velocities, the gyroscopic term becomes negligible and
Eq. (3) becomes
τ  J _ω (4)
This implies the motion about each axis is decoupled and can be
controlled independently. For simplicity, a single-axis double-integrator
model representing the spacecraft attitude dynamics is considered here.
Combining Eqs. (2) and (3)with the equivalent transfer function of







Js3  s2 (5b)
Assuming a PD control law of the form
Cs  kds kp (6)
where kp and kd are the proportional and derivative gains,
respectively; the candidate closed-loop models are
Tpwms 
kp  kdseTpwms − 1








A first-order ΣΔM was experimentally tested and compared to a
PWM to demonstrate its performance and efficacy for spacecraft
thruster control. The testswere conducted using theNPSPOSEIDYN
testbed [14].
A single-axis 90 deg rest-to-rest slew maneuver was performed
using an underdamped PD controller to demonstrate both the signal
and steady-state tracking abilities of each modulator. The following
metricswere leveraged in comparing themodulators: thruster on time
(TOT), steady-state attitude error, steady-state attitude rate error, and
number of thruster actuations. Lastly, each experiment was repeated
10 times. The relevant experiment and floating spacecraft simulator
(FSS) system parameters are summarized in Table 1, and the test
setup is illustrated in Fig. 2.
B. Experimental Results and Discussion
The experimental results, averaged over the 10 trials, are presented
in Table 2 and Fig. 3. During these experiments, it was found that the
ΣΔM requires, on average, approximately 3 s of additional thruster
on time when compared to the PWM. However, the ΣΔM achieves
significantly smaller attitude errors.





























b) TOT time history
c) Attitude error vs TOT
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d) Attitude rate error vs TOT
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Fig. 4 Direct comparison of the ΣΔM and PWM trajectories averaged over 10 runs.






























































The difference in TOT is attributed to the feedback loop in
the ΣΔM, resulting in shorter-period limit cycle when compared
to the PWM. After reaching a steady state (at approximately
25–35 s), the ΣΔM was observed to command, on average, 22.5
thruster pulses (approximately one firing every 3.6 s), achieving
an average attitude error of 0.32 deg. The PWM, however, was
observed to actuate the thrusters, on average, 6.50 times
throughout a similar period (approximately once every 12.3 s),
achieving an average attitude error of 2.23 deg, which was much
larger than the ΣΔM one. Both modulation methods produced a
nearly zero average steady-state attitude rate error; the standard
deviation for the PWM was observed to be about half that of the
ΣΔM. As illustrated by Fig. 4a, both modulators produced a
similar (average) phase plane trajectory. In contrast to the
smoother trajectory produced by theΣΔM, the trajectory produced
by the PWM has distinct and pronounced coast and actuation
segments.
Several important conclusions regarding the performance of
the two modulators can be drawn by comparing the TOT history
against time and the attitude and attitude rate errors, illustrated in
Figs. 4b–4d. First, it becomes apparent that the ΣΔM leads the
response of the PWM and resultantly settles to within 5 deg of the
reference attitude θf, which is approximately 10 s faster. As
illustrated by the asterisks (*) in Fig. 4c, the ΣΔM achieves steady
state using approximately 3 s less TOT. However, due to the short
period of the limit cycle induced by the feedback in the ΣΔM, the
TOTwas observed to linearly increase at a faster rate than the PWM.
Given a set of mission requirements, the ΣΔM can be coupled with a
deadzone in order to increase the period (and size) of the limit cycles,
thereby reducing the fuel consumption. Alternatively, one can use the
ΣΔM throughout the transient period and switch to a lower-
bandwidth modulator, such as the PWM, when in the vicinity of the
reference state.
C. Linear Model Validation
To validate the candidate models given in Eqs. (7a) and (7b), their
responseswere compared against both the experimental response and
a (numerically) simulated nonlinear response, as illustrated in Fig. 5
[14]. In these figures, the idealized response with no MITL is
presented for reference purposes. When implementing the numerical
simulations, the control input was saturated at the maximum total
torque listed in Table 1. For clarity, only the first 60 s are shown in
Fig. 5. Peak overshoot is indicated in Fig. 5 by a dashed line (– –),
whereas the settling time is denoted by a dashed–dotted line (− ⋅ −).
The transient and settling characteristics of each system are tabulated
in Table 3.
Although the (simulated) attitude error response of the candidate
ΣΔM model did not exactly match that of the experimental or
simulated nonlinear responses, it did exhibit similar characteristics.
This model was observed to have a percent overshoot of 38.94%,
corresponding to 8.6 and 14.8% differences to the experimental and
nonlinear responses, respectively. Comparing the ratio of the peak
time Tp to the settling time Ts, the candidate model was found to
obtain a value (approximately) halfway in between the experimental
and nonlinear responses, corresponding to 14.3 and 14.4%
differences, respectively. This has the implication of having similar
damping characteristics as the experimental and nonlinear responses.
Given the similarities in the transient and settling characteristics of
the candidate ΣΔM model, this model is considered to be validated.
The PWMcandidate model, on the other hand, was not found to be
in agreement with either the experimental or simulated nonlinear
responses. This was apparent due to a significant mismatch between
the transient and settling characteristics of the candidate model and
the two comparison responses.
IV. Conclusions
Experimentally comparing a Sigma–Delta modulator against
a pulse-width modulator shows that the ΣΔM achieves a smaller
steady-state error in a shorter amount of time while using less
propellant. These results, validated through numerical simulations,
suggest that Sigma–Delta modulation is suitable for spacecraft
thruster control, as it offers better command signal tracking over
other modulation techniques. However, due to the short period of
a) ΣΔM b) PWM






















































Fig. 5 Comparison of the responses of the linearized models to the nonlinear response and the averaged experimental response.
Table 3 Comparison of transient and settling characteristics
Ideal response Linearized response Nonlinear response Experimental response
Percent overshoot, % ΣΔM 7.12 38.94 45.15 42.44
PWM 7.12 13.71 44.89 42.20
Peak time Tp, s ΣΔM 7.43 8.15 14.90 12.79
PWM 7.43 7.49 15.10 14.19
Settling time Ts, s ΣΔM 8.67 18.25 38.29 24.70
PWM 8.67 9.32 39.99 34.70
Tp∕Ts ΣΔM 0.86 0.45 0.39 0.52
PWM 0.86 0.80 0.38 0.41






























































the ΣΔM‘s limit cycle, the propellant consumption during the
steady state increases at a higher rate when compared to a pulse-
width modulator. To avoid this drawback, the ΣΔM can be coupled
with a deadzone or replaced by a lower-bandwidth modulator when
steady state is achieved, thus increasing the period of the limit cycle
and thereby reducing fuel consumption. The linearized closed-loop
ΣΔM model is found to exhibit similar response characteristics to
both the experimental and simulated nonlinear responses, allowing
it to be used, in conjunction with linear analysis techniques, for
initial sizing and response estimation.
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